Abstract: Identification of equipotential surfaces, based on the measurement results and by application of Least Dispersion Volume Method (LDVM) is described in this paper. In a concrete example of two punctual electric charges a suitable methodology for determining corresponded parameters, which characterize the observed equipotential surfaces is presented. Error analyses that take into account the tested parameters are given.
Introduction
D ETERMINING time-space dependencies of electromagnetic quantities in environment, such as for example conductive, semi-conductive, electrical and magnetic, represents a crucial problem in theoretical and practical electromagnetic.
During the last twenty years significance efforts have been made for realization of measurement equipment intended for evaluation of electromagnetic quantities. However, the accuracy of these instruments has not been at satisfactory level. By combining hardware and software techniques, that are typical for embedded systems, it is possible in a efficient manner to by-pass the above mentioned problems.
By performing a huge amount of measurement, for a short time interval, provide us to store complete characteristics of interdependencies among the electromagnetic quantities. Typical such examples are distribution of electrical field and potential in term of space coordinates of their interdependencies. Tanks to the 
Least Dispersion Volume Method (LDVM)
Potential function V = V (x, y, z) in space point T (x, y, z) appears as a consequence of electric charges q 1 and q 2 , located in points T 1 (x 1 , 0, 0) and T 2 (x 2 , 0, 0), respectively (see Fig.1 ). The function V = V (x, y, z) fulfill the condition [8] 
where k 1 and k 2 are constants, determined by values q 1 and q 2 , and environmental dielectric constant ε, r 1 and r 2 are absolute values of corresponding vectors r 1 and r 2 ,
According to the potential V i and a distances r 1i , r 2i , i = 1, n which corresponds to the measured results, by using LDVM, it is possible to determine q 1 and q 2 .
Criterion LDVM has a form
where ∆V i , ∆r 1i and ∆r 2i , i = 1, n are corresponding errors in a measurement process, of quantities V , r 1 and r 2 , respectively. If the potential function V (r 1 , r 2 )has a first derivate in respect to distances r 1 and r 2 , then the transformation criterion defined by eq. (3) can be realized. According to equation (1) we have
By using approximation of differentials that exist in eq. (4), with corresponding increments, we obtain
where i points to the number of measured results. In this way, the potential variation ∆v i can be written as
where V i corresponds to a potential value of the i-th measurement. By substituting eqs. (5) and (6) into (3) the criterion LDVM obtains a form
Fig. 1. Equi-potential surfaces for system with two punctual charges.
If the first derivates of eq (7) are equated to zero, for parameters k 1 and k 2 , from eq (1), we obtain
After short algebraic transformations, the eqs (8) and (9) take the following forms
or
in which the sums are determined from
r 1i ,
r 2i ,
By implementing a cosine theorem to the corresponding triangles that vectors r 12 , r 1 , r 2 and r close (see Fig.1 ), we obtain the following relations
From here we determine now
r = r 2 02 + 2r 02 r 2 cos θ 2 + r 2 2 .
Let the punctual charges and from Fig.1 located in a air-space, in corresponding points
and the values of charges are q 1 = −10 nC,
then in accordance to eq. (2) we have
By substituting eq (23) into (1) we obtain
If r 1min and r 2min correspond to absolute values of radius vectors r 1 and r 2 (see Fig.1 ), then according to eqs (23) and (26) we have
Let the identification of equipotential surface, which pass through the top of a vector r 1min is for interest for us. Assume now that the absolute value of r 1min = 3[m]. Then according to condition (28) we obtain r 2min = 1[m]. By substituting the last results in eq (27) we determine V − s at surface S, as
From results (29) and eq (27) the equipotential surface has a form
In eq. (30) r 1 and r 2 are defined by eq. (26). The measuring point T (x, y, z), represents a space location in which the sensor of electrostatic measuring equipment is located. For a given V s = 150 V the following conditions have to be fulfilled:
1. equipotential surface determined by eq. (30), and 2. triangle inequality, which according to Fig. 1 , has a form
The simulation of the measured results V si , r 1i and r 2i , i = 1, n is performed according to eqs. (30), (31), and (19) up to (22). The simulated and calculated results are given in Table 1 . The question which arises now is: How to determine a correct solution? An answer to this question is obtained by determining the minimum according to eq. (7), and by calculating the average values of the identification errors (∆V ) av , (∆r 1 ) av and (∆r 2 ) av . According to the eq (5) up to (7) we obtain the following vector errors, 
The values of vectors r 1i , r 2i and V i are given in Table 1 . The average values of vector-errors (37)-(40) are
A parametric form for equation of equipotential surface from Fig.1 can be written in the following form.
y =r sin θ (r) cos ϕ (49)
where r(θ ) and θ (r) are the corresponding functional dependences of radius vector r and the angle θ , respectively. The equipotential surfaces are rotational symmetric with respect to the axes and the measurement points T (x i , y i , z i ), i = 1, n (see Fig. 1 ) positioned at the corresponding circles, that have centers located along the axes Ox.
Locations of the measurement points are determined by coordinate ϕ. When the parametric eqs. (45) up to (47) are given in a spherical coordinate system, where r = r(θ ) is not constant, we can derive the following conclusion: The obtained equipotential surface has a shape of degenerate sphere.
Coordinates r i , θ i , i = 1, n of the experimental points from Table 1 in surface r(θ ) define the diagram θ = θ (r), which can be approximated by a power-two polynomial, i.e.
where parameters a 1 , a 2 and a 3 can be determined during the measurement process, by using some of the methods for curve identification in a plane [2] , [3] , [4] , [6] , [7] , [8] .
The criterion LSM for a function defined by eq. (51), using the measurement results from Table 1 , can be written in a form
If we equate first derivates of eq. (52) with zero on obtain
After short algebraic transformations, the eqs. (53) where the sums S i , i = 1, n calculated by using Table 1 , have the values
By solving system of eqs. (56) up to (58) on obtain a 1 = −25.2198, a 2 = 100.255, a 3 = −67.7263.
The angle θ given in angles degrees, from the radial distance r in meters, according to eqs. (51) and (60) is derived
If the angle θ is defined in radians, then eq. (61) takes a form
The graphic which corresponds to eq. (61) is sketched in Fig.2 . 
By applying the corresponded command Parametric Plot3D [9] to eqs. (63) up to (65), on obtain 3D graphic pictured in Fig.3 . Fig. 3 . Three-dimensional shape of the identified equipotential surface.
Conclusion
The proposed LDVM method has advantages in respect to LSM. Namely, it equally treats the measured results of all interdependent quantities and gives a lower identification error for the considered function. For large number of cases by using the identification procedure on obtain a nonlinear system of equations that can be used for determination of the identified parameters, i.e. corresponding constants in the frame of some identification functions. By using computer and appropriate software packets the above mentioned problem can be efficiently solved. An optimal solution is obtained by a suitable choice of solutions from multidimensional vector -solution. This choice is performed taking into account the criterion of average error. By combining numerical and the measurement numerical method high-accuracy and good agreement between practical and theoretical results is obtained
